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Goursat-Volterra Transform of Order Infinite
Ching-Tang Wu

Abstract

In this paper we aim to extend the results of the Goursat-Volterra transforms and the
singular stochastic differential equations in Alili and Wu (2009, 2014). We introduce the self-

reproducing kernel [(t,s) = XN, @; (t)f;(s) without nonsingular conditions on the

Gramian matrix M{ = (fotfi (W) fj(u) du) . Furthermore, we show some particular
1<i,j<N

examples of Goursat-Volterra transform of order infinite and some related properties.
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1. Introduction

Consider a standard Brownian motion B = (B;):»o 0On a complete probability space
(Q,F,P) and a stochastic differentiable equation
dXt = b(t,Xt)dt + O-(t,Xt)dBt, (1)
under the integrability conditions
fotb(u,Xu)du < o and fotaz(u, X)du <o,  P-ae,
where (B;) is astandard Brownian motion. The existence and uniqueness of the stochastic
differential equations have been shown in Karatzas and Shreve (1991), Revuz and Yor (1999).
Consider a special case of (1):
dX, = dB, + ( NG u)qu) dt, )
where [ is a deterministic function, called the Volterra kernel. If [ satisfies
fotfoulz(u, v)dvdu < oo,
(2) has a unique solution, see Gohberg and Krein (1970), Follmer et al. (1999) and FX =
FE forall t. However, if we weaken the integrability condition of I:

LA, vydv) du < o,
the solution of the stochastic differential equation (2) is no more unique. Such equation is
called a singular stochastic differential equation, see Cherny and Engelbert (2005). In Yor
(1992) a trivial case I(t,s) =1/t has been discussed. The general solution of the
corresponding stochastic differential equation is of the form

“dB
X, =t <Y — f —”)
pu
In this paper, we consider a linear transform G(B) = (G(B)¢):so defined by

t rs
G(B); = B; —f f [ (s,u)dB,ds.
0 Jo

In FOllmer et al. (1999) it has been shown under which conditions the stochastic process
G (B) isagainaBrownian motion. Under this condition, the o-algebras generated by B and

G(B) are not identical; explicitly, :FtG(B) & FE. Moreover, the general solutions to the
singular linear stochastic differential equation associated to this kernel are discussed. The
orthogonal decomposition of these o-algebras and some results related to Brownian bridge
and the enlargement of filtrations are also investigated. More related problems are studied in

Hibino et al. (2001).

In Alili and Wu (2009), the case where I(t,s) = YN, @; (£)fi(s) with invertible matrix
t
M/ = ( [ s du) ©)
0

1<i,j<N
is studied. In Alili and Wu (2014) the case where I(t,s) = X2, ¢; (t)s? is investigated.

for some random variable Y.

In this paper, we aim to extend the above results. In Section 2, we introduce some results
of Goursat-Volterra transform of finite order. Here we consider I(t,s) = XN, @; (£)fi(s)
without the condition that the matrix (3) is invertible. In Section 3, we investigate the
Goursat-Volterra transform of order infinite, construct an explicit example and some related
results. In Section 4, we aim to find the solutions to the singular linear stochastic differential
equations associated to Goursat-Volterra kernel of order infinite.
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2. Some basic results

Let B = (B:)sso be a standard Brownian motion on a complete probability space
(Q,F,P) and let [ be a Volterra kernel on [0,T) x [0,T), i.e., I(t,s) =0 for s >t and
[ satisfies the integrability condition

1
t / rs 5

J. <f 12 (s, u)du) ds < oo, for all t <T.
0 0

Using [ we define a Volterra transform G} of Brownian motion B as

G-(B); = B, — t Sl ,u)dB,ds, 4
®) fofo (5, u)dByds (4)

forall t < T.From Follmer et al. (1999) we know that the resulting process (G:(B)¢)os<t<r
is again a Brownian motion if [ is self-reporducing, i.e., [ satisfies the integral equation

S
I(t,s) = f L(t,w)l(s,u)du, foral 0 <s<t<T. (5)
0

In the following we define the Goursat-Volterra transform G. of oder N on the interval
[0, T].

Definition 1. An operator G- on C([0,)) is called a Goursat-Volterra transform of
order N if there exist linearly independent LZ,.([0,T])-functions f,f5,..., fy such that
the corresponding Volterra kernel [ is self-reproducing and is of the form

1(6:5) = ) @i (Of() ©)
for some (¢;) and =
; T T
FE=7"" @ a( f fi WdBy, -, f fi (u)dBu). )
0 0

For the sake of convenience, we denote f = (fi, f2,..., fn). If the corresponding vector f
consists of infinite many linearly independent LZ%,.([0,T])-functions, then we say that
GL-(B)r is a Goursat-Volterra transform of order infinite.

Remark 1. The transform order N is dependent on the time T. For example, for
1 1
l(t,s) = 7 loa1x[01) (t,s) + T-1lazxaz (t ), (8)
for 0 < s <t. We show in Example 1 that the corresponding G! is of order 1, but G} is
of order 2. In fact, due to the next lemma we know that for fixed [ the order of a Goursat-
Volterra transform G is nondecreasing in T.

Lemma 1. Let f = (f;,-, fy) be a sequence of L%,.([0,))-functions and denote the
matrix

t
wl = ([ nwswa)
0 i,j=1,N
for t € [0,00). Then rank(M[) is a nondecreasing functions in t.

Proof. Suppose that
rank(M,f;) =n<N, for some ¢,.
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Then there exists a subsequence f = (fky **» fx,,) such that

M = ( fi GO (u)du)
0

) l’j=1‘...‘n
is of full rank, i.e., rank(M{o) = n. Moreover, for t > t,,

Zn: ( fo tfki (u)fkj(u)du) Xixj = fo t zn: fe; W fi, Wx;x; | du

i,j=1 Lj=1

t N z
_ fo (; fe (u)xl-) du >0,

for every x = (x4,*,x,) € R™ and this value equals 0 if and only if Z?’zlfki (wx; =0
for all u<t. This implies that Z’i\;lfki (wWx; =0 for all u<t,. If x#0, then
(fi,(W):u < tg)1<i<y IS linearly dependent. Thus rank(Mt’Z) < n. This is obviously a
contradiction. Hence, for all t > t,, the matrix Mtf IS positive definite which implies that
rank(MZ) = n. Furthermore,
rank(Mtf) > rank(Mtf) =n.

This means that rank(Mtf) IS a nondecreasing function in t. [J

In Alili and Wu (2009) it has been shown that for given f = (fi,-:-,fy) If the
corresponding matrix Mtf is of full rank for all 0 <t < T, then there exists a unique

Goursat-Volterra kernel of order N on [0,T) of the form (6). Since in such a case, Equation
(5) can be reduced to

N t
F = 0 © | fiwfwdu ©
=1

for all 1 <i < N; and there is only one sequence of functions (¢;) satisfying these
equations. For the general vector of function f, the solution to (9) may have infinite many
solutions, but the resulting Volterra kernel [ is unique.

Proposition 1. For given f = (f,-+-, fy) there exists a unique Goursat-Volterra kernel of
order rank(M/).

Example 1. Let [ be of the form (6) with N =2 and
fi(s) = 1[0,1](5) and f2(s) = Ijo,2) (s).

M =(i0e 2ne)

Hence, for t <1, rank(M/) = 1 and for t > 1, rank(M/) = 2. This means that M/ is
not invertible for ¢ < 1. The solution the system of equations (9) is given by

1
1(t) = h(t)Io,11(t) — t_1(1,2] (),

) -1
02(0) = (3= h(®) oy (® + 7= L a1 (O,

Clearly,

t—1
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where h is a function satisfying
1
f Ve |h(t — 1)|dt < oo.
0

Hence there are infinite many solutions. But the resulting Volterra kernel [ is of the same
form (8). Moreover, there are another functions ¢; and ¢, satisfying (5) but not (9). In
fact, the general solutions of (5) are of the form:

1
©1(t) + @,(t) =? or 0 fort <1,
and for t € (1,2],

c
t)y=———, t)=———
¢1(0) t+ 2c + c? 210 t+ 2c + c?

with a constant c¢. Hence, all self-reproducing kernel I with such f; and f, are of the
form

1
Lt s) = -1 I(1,21x(1,21 (¢ S)
or

1 c+1
I15(t,s) = ?1[0,1]><[0,1](t; s) +

L S
€2 4+ 2¢ +t L2lx c2+2c+t 12

for all s <t, i.e., the transform G. with the Volterra kernels 1, and IS preserves the
Wiener measure. Explicitly,

[0,1](t,s) + 1x,21(& S),

1. G}l is a Goursat-Volterra transform of order O if T € [0,1] and of order 1 if T € (1,2].

2. 131 is of the form (8). Hence G}El is a Goursat-Volterra transform of order 1 if T € [0,1]
and of order 2 if T € (1,2].
3. For ¢ #— 1, the process with
( ‘B,
Bt_] _du, 1ftS1,
15 o U
Gzz (B): = 1p
LBt — f —du — cB, log
o U

c2+2c+t t B, _
—f du, ift>1
1

(c+1)? c?+2c+u
is a Brownian motion and

5
F @ o (By), if1<t<t,
5

F ®o(B,+cBy), if1<t<2,
forall t > 0. Hence Gzl2 is a Goursat-Volterra kernel of order 1 forall T € [0,2].
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3. Brownian bridge and Goursat-Volterra transform
3.1. Brownian bridge
Let (B;)o<t<1 be a Brownian motion. We want to know what is the conditional expectation
E [Bs B%,Bz,---,BL,---],

3 n+1
for s € [0,1). More precisely, we want to find ;(s) such that

lel (s)Bi LB n, foralln=1,2,--

+1 n+1

We just need to solve the equatlon system

[(B ORI LD

forall n=1,2,- i.e., find (z/)n(s)) Whlch satisfies

n+1 z¢‘(s)(z+1 n:l—l) for all n. (10)

It is easy to see that one solutlon |s of the form
Y,(s) =2(n+ 1)((n +1)sA n) —(n+ 1)(ns An— 1))
—n+D((n+2)sAh(n+1)).

S A

Hence, for s € [, 2,
m+1’ m+2
C(B)s:=B +1)(m + 2 (m+1 )B +( ik )B
(5= B (rr DO+ D\ =) B+ 1 50) Py
is independent of Bl,Bg,"',BL,"'. The process C(B) is a Brownian bridge with
3 n+1
C(B), = C(B)m/(m+1) =0 forall m € N. This implies that, for s € [, Z:)
E[BS BerZ"”'BL"”]
2 3 n+1
+1)(m+ 2 <m+1 )B +( ik )B
= o 00m+2) (g =9) B+ (5~ 5) )

Remark 2. Although there are infinite many solutions of (10), the resulting representation of
the conditional expectation remains the same.

Proposition 2.

2 3 n+1

FE=F® @J(BE,BE,---,B n )

3.2. Goursat-Volterra transforms of order infinite

In Alili and Wu (2014) it has been shown a particular case of Goursat-Volterra transform
of order infinite: Muntz linear transform. In this subsection, we aim to consider another more
explicit example.

Consider a Volterra kernel of the form

65) =) e O () (11)

l+1
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for 0 <s<t<1,i.e., weconsidera process (GE(B))o<t<1 Given by
G{(B):: = Bi - Z f o (WB (__du.
l+1

We want to know when the process Gl(B) |s a Brownian motion again. Due to Follmer et
al. (1999) it is equivalent to know when [ is self-reproducing. Particularly we want to find
(i (t)) such that

fj(t)=2<pi (t)foﬁ(u)jj-(u)du, for j = 1,2,

The corresponding ¢; must satisfy the following equations:
For t € [0, %],

P1(t) + 0o (t) + @3(t) + - ==

i+1

For t € (l+—1 l+—2] (i=1),
P1(t) = @a(t) == @;_1(t) =0
_ l+1
(pi()_i—(l+1)t'
i+1

Pe+1() + @i () + - = —m.

There are infinite many solutions, but we can find a simple one where (@;(t));ey IS Of the
form

i+1
@i(t) = i l+1](t) Li-1 i (t) (12)

l
l—= (i + 1)t (l+ll+2 (L - 1) it i l+1

Furthermore, the resulting kernel [ is a Goursat-Volterra kernel of order infinite. Hence, the
process (Gi(B),) is a Brownian motion. We can check that [ of the form (11) with (12)

satisfies the integrability condition
1

1/ pt 3
f < f 2 (t,s)ds) dt < oo. (13)
0 0

Theorem 1. The orthogonal decomposition
l
g:'lB — j:'1G1(B) Do (Bll BZ' B n, )

2 3 n+1

holds.
Proof. Let g € L?([0,1]) satisfy

; (Bu > o (v)B,Lm,dv> [[swas,
i=1 i

This results in

=0, for all u < 1.

gu) = z N (u)f i (v)g(v)dv for all u < 1.

We can reduce this equatlon into

- n+1 j‘t 4 c n <t<n+1
9 = n—m+ 1t ng(v) v o1 Tn+2
n+
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The solution to this equation is
n+1

n+2

<t<

t) = tant, f
g(t) = constan or ——

Hence

g € span (1[0%]’[[0%]'""1[0,%]'"' )
This proves the desired result. [
Due to Proposition 2 and Theorem 1 we know that
C(B) _ £Gi(B)
F = F,
i.e., the o —algebras generated by C(B) and G}(B) up to time 1 are identical.
4. Singular stochastic differential equations

We want to find the solution of the following stochastic differential equation:

t
dX, = dB +<f L (t,u)dX )dt,
t t o u (14)

Xo=0,
where [ is a self-reproducing Volterra kernel satisfying the integrability condition (13).
Then we have the following lemma.

Lemma 2. The process (X?) given by
t [e%)
X =B, —f f [ (u,v)dB,dv
0 Jv

is a particular solution of (14).
Proof. It is easy to check that X° satisfies (14). [

In particular, if [ is given by (11) and ¢, is given by (12), then we have the following
proposition.

Proposition 3. The process X satisfies (14) ifand onIy if X is of the form

= Y O

forall t € ( — :t] where (Y;) is a sequence of random variables.
Proof. Let
2k — (k + 1)t kK k+1
k+2 k —
X0:=— —— —_dB,, for t € (—— (15)
t ]t k= k+ Du B R V)

It is easy to check that for t € ( k+1]

k+1" k+2

t
ax? — (f L(t, u)dxg) dt = dB,.
0

Hence (X?) is a particular solution of the stochastic differential equation (14). For the
general case, suppose that X = X° + Z is a solution of (14), then Z must satisfy
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t [o.0]
7, = f (; 0 W2, ) du.

k+1
Hence for t € (k+1 k+2] we have )
dzZ, = —k<Zf —Z )dt.
D\ S k+1
k+1
This implies that
- k
Zo-7a =To(e-),
. k+1

which derives the desired results. [
Remark 3. The solution X° can be written in the form

X0 = B, ]] | (u, v)dBydv = B, — jj Egol(u)fl(v)dB dv,

which is coincide with Lemma 2. Note that here the mtegral and the summation cannot
exchange, since the integral fv @; (w)dB, might be infinite for some 1.
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