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Goursat-Volterra Transform of Order Infinite  

Ching-Tang Wu  

Abstract 

In this paper we aim to extend the results of the Goursat-Volterra transforms and the 

singular stochastic differential equations in Alili and Wu (2009, 2014). We introduce the self-

reproducing kernel 𝑙(𝑡, 𝑠) = ∑ 𝜑𝑖
𝑁
𝑖=1 (𝑡)𝑓𝑖(𝑠)  without nonsingular conditions on the 

Gramian matrix 𝑀𝑡
𝑓
= (∫ 𝑓𝑖

𝑡

0
(𝑢)𝑓𝑗(𝑢) 𝑑𝑢)

1≤𝑖,𝑗≤𝑁
. Furthermore, we show some particular 

examples of Goursat-Volterra transform of order infinite and some related properties. 

Keywords: Brownian filtration; Brownian motion; Goursat-Volterra transform; self-

reproducing kernel; stochastic differential equation; Volterra kernel.  
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無窮階 Goursat-Volterra 轉換 

吳慶堂 

摘要 

在此論文中，我們主要在推廣 Alili and Wu (2009, 2014) 中有關 Goursat-Volterra 

轉換與奇異隨機微分方程的結果。我們研究自我再生核 𝑙(𝑡, 𝑠) = ∑ 𝜑𝑖
𝑁
𝑖=1 (𝑡)𝑓𝑖(𝑠) 所生

成的 Goursat-Volterra 轉換，其中不同於 Alili and Wu (2009, 2014) 中討論的，函數 

𝑓1, 𝑓2, . . . , 𝑓𝑁 所構成的 Gramian 矩陣 𝑀𝑡
𝑓
= (∫ 𝑓𝑖

𝑡

0
(𝑢)𝑓𝑗(𝑢) 𝑑𝑢)

1≤𝑖,𝑗≤𝑁
 並非可逆的。再

者，我們會討論一些無窮階 Goursat-Volterra 轉換的例子與相關的性質。 

關鍵詞：布朗 filtration；布朗運動；Goursat-Volterra 轉換；自我再生核；隨機微分方

程；Volterra 核 
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1. Introduction 

Consider a standard Brownian motion 𝐵 = (𝐵𝑡)𝑡≥0 on a complete probability space 
(Ω, ℱ, ℙ) and a stochastic differentiable equation 

𝑑𝑋𝑡 = 𝑏(𝑡, 𝑋𝑡)𝑑𝑡 + 𝜎(𝑡, 𝑋𝑡)𝑑𝐵𝑡,                      (1)                                          

under the integrability conditions 

∫
0

𝑡
𝑏(𝑢, 𝑋𝑢)𝑑𝑢 < ∞     and     ∫

0

𝑡
𝜎2(𝑢, 𝑋𝑢)𝑑𝑢 < ∞,    ℙ-a.e., 

where (𝐵𝑡) is a standard Brownian motion. The existence and uniqueness of the stochastic 

differential equations have been shown in Karatzas and Shreve (1991), Revuz and Yor (1999). 

Consider a special case of (1): 

𝑑𝑋𝑡 = 𝑑𝐵𝑡 + (∫0
𝑡
𝑙(𝑡, 𝑢)𝑑𝑋𝑢)𝑑𝑡,                  (2) 

where 𝑙 is a deterministic function, called the Volterra kernel. If 𝑙 satisfies  

∫
0

𝑡
∫
0

𝑢
𝑙2(𝑢, 𝑣)𝑑𝑣𝑑𝑢 < ∞, 

(2) has a unique solution, see Gohberg and Krein (1970), Föllmer et al. (1999) and ℱ𝑡
𝑋 =

ℱ𝑡
𝐵 for all 𝑡. However, if we weaken the integrability condition of 𝑙:   

∫
0

𝑡
(∫

0

𝑢
𝑙2(𝑢, 𝑣)𝑑𝑣)

1 2⁄
𝑑𝑢 < ∞, 

the solution of the stochastic differential equation (2) is no more unique. Such equation is 

called a singular stochastic differential equation, see Cherny and Engelbert (2005). In Yor 

(1992) a trivial case 𝑙(𝑡, 𝑠) = 1/𝑡  has been discussed. The general solution of the 
corresponding stochastic differential equation is of the form 

𝑋𝑡 = 𝑡 (𝑌 − ∫
𝑑𝐵𝑢
𝑢

∞

𝑡

), 

for some random variable 𝑌.  

In this paper, we consider a linear transform 𝐺(𝐵) = (𝐺(𝐵)𝑡)𝑡≥0 defined by  

𝐺(𝐵)𝑡 = 𝐵𝑡 −∫ ∫ 𝑙
𝑠

0

𝑡

0

(𝑠, 𝑢)𝑑𝐵𝑢𝑑𝑠. 

In Föllmer et al. (1999) it has been shown under which conditions the stochastic process 

𝐺(𝐵) is again a Brownian motion. Under this condition, the 𝜎-algebras generated by 𝐵 and 

𝐺(𝐵)  are not identical; explicitly, ℱ𝑡
𝐺(𝐵)

⫋ ℱ𝑡
𝐵 . Moreover, the general solutions to the 

singular linear stochastic differential equation associated to this kernel are discussed. The 

orthogonal decomposition of these 𝜎-algebras and some results related to Brownian bridge 

and the enlargement of filtrations are also investigated. More related problems are studied in 

Hibino et al. (2001).  

In Alili and Wu (2009), the case where 𝑙(𝑡, 𝑠) = ∑ 𝜑𝑖
𝑁
𝑖=1 (𝑡)𝑓𝑖(𝑠) with invertible matrix  

 𝑀𝑡
𝑓
= (∫ 𝑓𝑖

𝑡

0

(𝑢)𝑓𝑗(𝑢) 𝑑𝑢)
1≤𝑖,𝑗≤𝑁

 (3) 

is studied. In Alili and Wu (2014) the case where 𝑙(𝑡, 𝑠) = ∑ 𝜑𝑖
∞
𝑖=1 (𝑡)𝑠𝜆𝑖 is investigated. 

In this paper, we aim to extend the above results. In Section 2, we introduce some results 

of Goursat-Volterra transform of finite order. Here we consider 𝑙(𝑡, 𝑠) = ∑ 𝜑𝑖
𝑁
𝑖=1 (𝑡)𝑓𝑖(𝑠) 

without the condition that the matrix (3) is invertible. In Section 3, we investigate the 

Goursat-Volterra transform of order infinite, construct an explicit example and some related 

results. In Section 4, we aim to find the solutions to the singular linear stochastic differential 

equations associated to Goursat-Volterra kernel of order infinite.  
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2. Some basic results 

Let 𝐵 = (𝐵𝑡)𝑡≥0  be a standard Brownian motion on a complete probability space 

(Ω, ℱ, ℙ) and let 𝑙 be a Volterra kernel on [0, 𝑇) × [0, 𝑇), i.e., 𝑙(𝑡, 𝑠) = 0 for 𝑠 > 𝑡 and 

𝑙 satisfies the integrability condition  

∫ (∫ 𝑙2
𝑠

0

(𝑠, 𝑢)𝑑𝑢)

1
2𝑡

0

𝑑𝑠 < ∞,    for all 𝑡 < 𝑇. 

Using 𝑙 we define a Volterra transform 𝐺𝑇
𝑙  of Brownian motion 𝐵 as  

 𝐺𝑇
𝑙 (𝐵)𝑡 = 𝐵𝑡 −∫

𝑡

0

∫ 𝑙
𝑠

0

(𝑠, 𝑢)𝑑𝐵𝑢𝑑𝑠, (4) 

for all 𝑡 < 𝑇. From Föllmer et al. (1999) we know that the resulting process (𝐺𝑇
𝑙 (𝐵)𝑡)0≤𝑡≤𝑇 

is again a Brownian motion if 𝑙 is self-reporducing, i.e., 𝑙 satisfies the integral equation  

 𝑙(𝑡, 𝑠) = ∫ 𝑙
𝑠

0

(𝑡, 𝑢)𝑙(𝑠, 𝑢)𝑑𝑢,    for all 0 ≤ 𝑠 ≤ 𝑡 < 𝑇. (5) 

In the following we define the Goursat-Volterra transform 𝐺𝑇
𝑙  of oder 𝑁 on the interval 

[0, 𝑇].  

Definition 1. An operator 𝐺𝑇
𝑙  on 𝐶([0,∞)) is called a Goursat-Volterra transform of 

order 𝑁 if there exist linearly independent 𝐿𝑙𝑜𝑐
2 ([0, 𝑇])-functions 𝑓1, 𝑓2, . . . , 𝑓𝑁  such that 

the corresponding Volterra kernel 𝑙 is self-reproducing and is of the form  

 𝑙(𝑡, 𝑠) =∑𝜑𝑖

𝑁

𝑖=1

(𝑡)𝑓𝑖(𝑠) (6) 

for some (𝜑𝑖) and  

 ℱ𝑇
𝐵 = ℱ𝑇

𝐺𝑇
𝑙 (𝐵)

⊕𝜎(∫ 𝑓1

𝑇

0

(𝑢)𝑑𝐵𝑢, ⋯ ,∫ 𝑓𝑁

𝑇

0

(𝑢)𝑑𝐵𝑢). (7) 

For the sake of convenience, we denote 𝑓 = (𝑓1, 𝑓2, . . . , 𝑓𝑁). If the corresponding vector 𝑓 

consists of infinite many linearly independent 𝐿𝑙𝑜𝑐
2 ([0, 𝑇]) -functions, then we say that 

𝐺𝑇
𝑙 (𝐵)𝑇 is a Goursat-Volterra transform of order infinite.  

Remark 1. The transform order 𝑁 is dependent on the time 𝑇. For example, for  

 𝑙(𝑡, 𝑠) =
1

𝑡
𝐼[0,1]×[0,1](𝑡, 𝑠) +

1

𝑡 − 1
𝐼(1,2]×(1,2](𝑡, 𝑠), (8) 

for 0 ≤ 𝑠 ≤ 𝑡. We show in Example 1 that the corresponding 𝐺1
𝑙  is of order 1, but 𝐺2

𝑙  is 

of order 2. In fact, due to the next lemma we know that for fixed 𝑙 the order of a Goursat-

Volterra transform 𝐺𝑇
𝑙  is nondecreasing in 𝑇.  

Lemma 1. Let 𝑓 = (𝑓1, ⋯ , 𝑓𝑁) be a sequence of 𝐿𝑙𝑜𝑐
2 ([0,∞))-functions and denote the 

matrix  

𝑀𝑡
𝑓
= (∫ 𝑓𝑖

𝑡

0

(𝑢)𝑓𝑗(𝑢)𝑑𝑢)
𝑖,𝑗=1,⋯,𝑁

, 

for 𝑡 ∈ [0,∞). Then rank(𝑀𝑡
𝑓
) is a nondecreasing functions in 𝑡.  

 

Proof. Suppose that  

rank(𝑀𝑡0

𝑓
) = 𝑛 ≤ 𝑁,    for some 𝑡0. 
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Then there exists a subsequence 𝑓 = (𝑓𝑘1 , ⋯ , 𝑓𝑘𝑛) such that  

𝑀𝑡0

𝑓̄
= (∫ 𝑓𝑘𝑖

𝑡0

0

(𝑢)𝑓𝑘𝑗(𝑢)𝑑𝑢)
𝑖,𝑗=1,⋯,𝑛

 

is of full rank, i.e., rank(𝑀𝑡0

𝑓̄
) = 𝑛. Moreover, for 𝑡 ≥ 𝑡0,  

∑ (∫ 𝑓𝑘𝑖

𝑡

0

(𝑢)𝑓𝑘𝑗(𝑢)𝑑𝑢)

𝑛

𝑖,𝑗=1

𝑥𝑖𝑥𝑗 = ∫ (∑ 𝑓𝑘𝑖

𝑛

𝑖,𝑗=1

(𝑢)𝑓𝑘𝑗(𝑢)𝑥𝑖𝑥𝑗)
𝑡

0

𝑑𝑢 

= ∫ (∑𝑓𝑘𝑖

𝑁

𝑖=1

(𝑢)𝑥𝑖)

2
𝑡

0

𝑑𝑢 ≥ 0, 

for every 𝑥 = (𝑥1, ⋯ , 𝑥𝑛) ∈ ℝ
𝑛 and this value equals 0 if and only if ∑ 𝑓𝑘𝑖

𝑁
𝑖=1 (𝑢)𝑥𝑖 = 0 

for all 𝑢 ≤ 𝑡 . This implies that ∑ 𝑓𝑘𝑖
𝑁
𝑖=1 (𝑢)𝑥𝑖 = 0  for all 𝑢 ≤ 𝑡0 . If 𝑥 ≢ 0 , then 

(𝑓𝑘𝑖(𝑢): 𝑢 ≤ 𝑡0)1≤𝑖≤𝑁  is linearly dependent. Thus rank(𝑀𝑡0

𝑓̄
) < 𝑛 . This is obviously a 

contradiction. Hence, for all 𝑡 ≥ 𝑡0, the matrix 𝑀𝑡
𝑓̄
 is positive definite which implies that 

rank(𝑀𝑡
𝑓̄
) = 𝑛. Furthermore,  

rank(𝑀𝑡
𝑓
) ≥ rank(𝑀𝑡

𝑓̄
) = 𝑛. 

This means that rank(𝑀𝑡
𝑓
) is a nondecreasing function in 𝑡.  

In Alili and Wu (2009) it has been shown that for given 𝑓 = (𝑓1, ⋯ , 𝑓𝑁)  if the 

corresponding matrix 𝑀𝑡
𝑓

 is of full rank for all 0 < 𝑡 ≤ 𝑇 , then there exists a unique 

Goursat-Volterra kernel of order N on [0, 𝑇) of the form (6). Since in such a case, Equation 

(5) can be reduced to  

 𝑓𝑖(𝑡) =∑𝜑𝑗

𝑁

𝑗=1

(𝑡)∫ 𝑓𝑖

𝑡

0

(𝑢)𝑓𝑗(𝑢)𝑑𝑢 (9) 

for all 1 ≤ 𝑖 ≤ 𝑁 ; and there is only one sequence of functions (𝜑𝑖)  satisfying these 

equations. For the general vector of function 𝑓, the solution to (9) may have infinite many 

solutions, but the resulting Volterra kernel 𝑙 is unique.  

 

Proposition 1. For given 𝑓 = (𝑓1, ⋯ , 𝑓𝑁) there exists a unique Goursat-Volterra kernel of 

order rank(𝑀𝑡
𝑓
).  

Example 1.  Let 𝑙 be of the form (6) with 𝑁 = 2 and  

𝑓1(𝑠) = 𝐼[0,1](𝑠)   and   𝑓2(𝑠) = 𝐼[0,2](𝑠). 

Clearly,  

𝑀𝑡
𝑓
= (

1 ∧ 𝑡 1 ∧ 𝑡
1 ∧ 𝑡 2 ∧ 𝑡

). 

Hence, for 𝑡 ≤ 1, rank(𝑀𝑡
𝑓
) = 1 and for 𝑡 > 1, rank(𝑀𝑡

𝑓
) = 2. This means that 𝑀𝑡

𝑓
 is 

not invertible for 𝑡 ≤ 1. The solution the system of equations (9) is given by  

𝜑1(𝑡) = ℎ(𝑡)𝐼[0,1](𝑡) −
1

𝑡 − 1
𝐼(1,2](𝑡), 

𝜑2(𝑡) = (
1

𝑡
− ℎ(𝑡)) 𝐼[0,1](𝑡) +

1

𝑡 − 1
𝐼(1,2](𝑡), 
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where ℎ is a function satisfying  

∫ √𝑡
1

0

|ℎ(𝑡 − 1)|𝑑𝑡 < ∞. 

Hence there are infinite many solutions. But the resulting Volterra kernel 𝑙 is of the same 

form (8). Moreover, there are another functions 𝜑1 and 𝜑2 satisfying (5) but not (9). In 

fact, the general solutions of (5) are of the form:  

𝜑1(𝑡) + 𝜑2(𝑡) =
1

𝑡
 or 0   for 𝑡 ≤ 1, 

and for 𝑡 ∈ (1,2],  

𝜑1(𝑡) =
𝑐

𝑡 + 2𝑐 + 𝑐2
,   𝜑2(𝑡) =

1

𝑡 + 2𝑐 + 𝑐2
 

with a constant 𝑐. Hence, all self-reproducing kernel 𝑙 with such 𝑓1 and 𝑓2 are of the 

form  

𝑙1(𝑡, 𝑠) =
1

𝑡 − 1
𝐼(1,2]×(1,2](𝑡, 𝑠) 

or  

𝑙2
𝑐(𝑡, 𝑠) =

1

𝑡
𝐼[0,1]×[0,1](𝑡, 𝑠) +

𝑐 + 1

𝑐2 + 2𝑐 + 𝑡
𝐼(1,2]×[0,1](𝑡, 𝑠) +

1

𝑐2 + 2𝑐 + 𝑡
𝐼(1,2]×(1,2](𝑡, 𝑠), 

for all 𝑠 ≤ 𝑡 , i.e., the transform 𝐺𝑇
𝑙  with the Volterra kernels 𝑙1  and 𝑙2

𝑐  preserves the 

Wiener measure. Explicitly,  

1. 𝐺𝑇
𝑙1 is a Goursat-Volterra transform of order 0 if 𝑇 ∈ [0,1] and of order 1 if 𝑇 ∈ (1,2].  

2. 𝑙2
−1 is of the form (8). Hence 𝐺𝑇

𝑙2
−1

 is a Goursat-Volterra transform of order 1 if 𝑇 ∈ [0,1] 
and of order 2 if 𝑇 ∈ (1,2].  

3. For 𝑐 ≠− 1, the process with  

𝐺2
𝑙2
𝑐

(𝐵)𝑡 =

{
 
 

 
 𝐵𝑡 −∫

𝐵𝑢
𝑢

𝑡

0

𝑑𝑢, if 𝑡 ≤ 1,

𝐵𝑡 −∫
𝐵𝑢
𝑢

1

0

𝑑𝑢 − 𝑐𝐵1 log 
𝑐2 + 2𝑐 + 𝑡

(𝑐 + 1)2
−∫

𝐵𝑢
𝑐2 + 2𝑐 + 𝑢

𝑡

1

𝑑𝑢, if 𝑡 > 1

 

is a Brownian motion and 

ℱ𝑡
𝐵 = {

ℱ𝑡
𝐺𝑡
𝑙2
𝑐

⊕𝜎(𝐵𝑡), if 1 < 𝑡 ≤ 1,

ℱ𝑡
𝐺𝑡
𝑙2
𝑐

⊕𝜎(𝐵𝑡 + 𝑐𝐵1), if 1 < 𝑡 ≤ 2,

 

for all 𝑡 > 0. Hence 𝐺2
𝑙2
𝑐

 is a Goursat-Volterra kernel of order 1 for all 𝑇 ∈ [0,2].  
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3. Brownian bridge and Goursat-Volterra transform 

3.1. Brownian bridge 

Let (𝐵𝑡)0≤𝑡≤1 be a Brownian motion. We want to know what is the conditional expectation  

𝐸 [𝐵𝑠 |𝐵1
2
, 𝐵2

3
, ⋯ , 𝐵 𝑛

𝑛+1
, ⋯], 

for 𝑠 ∈ [0,1). More precisely, we want to find 𝜓𝑖(𝑠) such that  

𝐵𝑠 −∑𝜓𝑖

∞

𝑖=1

(𝑠)𝐵 𝑖
𝑖+1

⊥ 𝐵 𝑛
𝑛+1

,    for all 𝑛 = 1,2,⋯. 

We just need to solve the equation system  

𝐸 [(𝐵𝑠 −∑𝜓𝑖

∞

𝑖=1

(𝑠)𝐵 𝑖
𝑖+1

)𝐵 𝑛
𝑛+1

] = 0, 

for all 𝑛 = 1,2,⋯, i.e., find (𝜓𝑛(𝑠)) which satisfies  

 𝑠 ∧
𝑛

𝑛 + 1
=∑𝜓𝑖

∞

𝑖=1

(𝑠) (
𝑖

𝑖 + 1
∧

𝑛

𝑛 + 1
)    for all 𝑛. (10) 

It is easy to see that one solution is of the form  

𝜓𝑛(𝑠) = 2(𝑛 + 1)((𝑛 + 1)𝑠 ∧ 𝑛) − (𝑛 + 1)(𝑛𝑠 ∧ (𝑛 − 1)) 

                               −(𝑛 + 1)((𝑛 + 2)𝑠 ∧ (𝑛 + 1)). 

Hence, for 𝑠 ∈ [
𝑚

𝑚+1
,
𝑚+1

𝑚+2
),  

𝐶(𝐵)𝑠: = 𝐵𝑠 − (𝑚 + 1)(𝑚 + 2) ((
𝑚 + 1

𝑚 + 2
− 𝑠)𝐵 𝑚

𝑚+1
+ (𝑠 −

𝑚

𝑚 + 1
)𝐵𝑚+1

𝑚+2
) 

is independent of 𝐵1
2

, 𝐵2
3

, ⋯ , 𝐵 𝑛

𝑛+1
, ⋯ . The process 𝐶(𝐵)  is a Brownian bridge with 

𝐶(𝐵)0 = 𝐶(𝐵)𝑚/(𝑚+1) = 0 for all 𝑚 ∈ ℕ. This implies that, for 𝑠 ∈ [
𝑚

𝑚+1
,
𝑚+1

𝑚+2
),  

𝐸 [𝐵𝑠 |𝐵1
2
, 𝐵2

3
, ⋯ , 𝐵 𝑛

𝑛+1
, ⋯] 

= (𝑚 + 1)(𝑚 + 2) ((
𝑚 + 1

𝑚 + 2
− 𝑠)𝐵 𝑚

𝑚+1
+ (𝑠 −

𝑚

𝑚 + 1
)𝐵𝑚+1

𝑚+2
). 

Remark 2. Although there are infinite many solutions of (10), the resulting representation of 

the conditional expectation remains the same.  

Proposition 2.   

ℱ1
𝐵 = ℱ1

𝐶(𝐵)
⊕𝜎 (𝐵1

2
, 𝐵2

3
, ⋯ , 𝐵 𝑛

𝑛+1
,⋯ ). 

3.2. Goursat-Volterra transforms of order infinite 

In Alili and Wu (2014) it has been shown a particular case of Goursat-Volterra transform 

of order infinite: Müntz linear transform. In this subsection, we aim to consider another more 

explicit example.  

Consider a Volterra kernel of the form  

 𝑙(𝑡, 𝑠) =∑𝜑𝑖

∞

𝑖=1

(𝑡)𝐼
[0,

𝑖
𝑖+1

]
(𝑠), (11) 
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for 0 ≤ s < t ≤ 1, i.e., we consider a process (𝐺1
𝑙(𝐵)𝑡)0≤𝑡≤1 given by  

𝐺1
𝑙(𝐵)𝑡: = 𝐵𝑡 −∑∫ 𝜑𝑖

𝑡

0

∞

𝑖=1

(𝑢)𝐵 𝑖
𝑖+1

∧𝑢
𝑑𝑢. 

We want to know when the process 𝐺1
𝑙(𝐵) is a Brownian motion again. Due to Föllmer et 

al. (1999) it is equivalent to know when 𝑙 is self-reproducing. Particularly we want to find 

(𝜑𝑖(𝑡)) such that  

𝑓𝑗(𝑡) =∑𝜑𝑖

∞

𝑖=1

(𝑡)∫ 𝑓𝑖

𝑡

0

(𝑢)𝑓𝑗(𝑢)𝑑𝑢,    for 𝑗 = 1,2,⋯. 

The corresponding 𝜑𝑖 must satisfy the following equations:   

For 𝑡 ∈ [0,
1

2
],  

𝜑1(𝑡) + 𝜑2(𝑡) + 𝜑3(𝑡) + ⋯ =
1

𝑡
. 

For 𝑡 ∈ (
𝑖

𝑖+1
,
𝑖+1

𝑖+2
] (𝑖 ≥ 1),  

𝜑1(𝑡) = 𝜑2(𝑡) = ⋯ = 𝜑𝑖−1(𝑡) = 0 

𝜑𝑖(𝑡) =
𝑖 + 1

𝑖 − (𝑖 + 1)𝑡
, 

𝜑𝑡+1(𝑡) + 𝜑𝑖+2(𝑡) + ⋯ = −
𝑖 + 1

𝑖 − (𝑖 + 1)𝑡
. 

There are infinite many solutions, but we can find a simple one where (𝜑𝑖(𝑡))𝑖∈ℕ is of the 

form  

 𝜑𝑖(𝑡) =
𝑖 + 1

𝑖 − (𝑖 + 1)𝑡
𝐼
(
𝑖
𝑖+1

,
𝑖+1
𝑖+2

]
(𝑡) −

𝑖

(𝑖 − 1) − 𝑖𝑡
𝐼
(
𝑖−1
𝑖
,
𝑖
𝑖+1

]
(𝑡). (12) 

Furthermore, the resulting kernel 𝑙 is a Goursat-Volterra kernel of order infinite. Hence, the 

process (𝐺1
𝑙(𝐵)𝑡) is a Brownian motion. We can check that 𝑙 of the form (11) with (12) 

satisfies the integrability condition  

 ∫ (∫ 𝑙2
𝑡

0

(𝑡, 𝑠)𝑑𝑠)

1
21

0

𝑑𝑡 < ∞. (13) 

Theorem 1. The orthogonal decomposition  

ℱ1
𝐵 = ℱ1

𝐺1
𝑙 (𝐵)

⊕𝜎 (𝐵1
2
, 𝐵2

3
, ⋯ , 𝐵 𝑛

𝑛+1
,⋯ ) 

holds.  

Proof. Let 𝑔 ∈ 𝐿2([0,1]) satisfy  

𝐸 [(𝐵𝑢 −∑∫ 𝜑𝑖

𝑢

0

∞

𝑖=1

(𝑣)𝐵 𝑖
𝑖+1

∧𝑣
𝑑𝑣)∫ 𝑔

1

0

(𝑣)𝑑𝐵𝑣] = 0,    for all 𝑢 ≤ 1. 

This results in  

𝑔(𝑢) =∑𝜑𝑖

∞

𝑖=1

(𝑢)∫ 𝐼
[0,

𝑖
𝑖+1

]

𝑢

0

(𝑣)𝑔(𝑣)𝑑𝑣   for all 𝑢 ≤ 1. 

We can reduce this equation into  

𝑔(𝑡) = −
𝑛 + 1

𝑛 − (𝑛 + 1)𝑡
∫ 𝑔
𝑡

𝑛
𝑛+1

(𝑣)𝑑𝑣,    for 
𝑛

𝑛 + 1
< 𝑡 ≤

𝑛 + 1

𝑛 + 2
. 
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The solution to this equation is  

𝑔(𝑡) =  constant,    for 
𝑛

𝑛 + 1
< 𝑡 ≤

𝑛 + 1

𝑛 + 2
. 

Hence  

𝑔 ∈ span (𝐼
[0,
1
2
]
, 𝐼
[0,
2
3
]
,⋯ , 𝐼

[0,
𝑛
𝑛+1

]
,⋯ ). 

This proves the desired result.  

Due to Proposition 2 and Theorem 1 we know that  

ℱ1
𝐶(𝐵)

= ℱ1
𝐺1
𝑙 (𝐵)

, 

i.e., the σ −algebras generated by C(B) and 𝐺1
𝑙(B) up to time 1 are identical.  

4. Singular stochastic differential equations 

We want to find the solution of the following stochastic differential equation:  

 {
𝑑𝑋𝑡 = 𝑑𝐵𝑡 + (∫ 𝑙

𝑡

0

(𝑡, 𝑢)𝑑𝑋𝑢)𝑑𝑡,

𝑋0 = 0,

 (14) 

where 𝑙  is a self-reproducing Volterra kernel satisfying the integrability condition (13). 

Then we have the following lemma. 

Lemma 2. The process (𝑋𝑡
0) given by  

𝑋𝑡
0 = 𝐵𝑡 −∫

𝑡

0

∫ 𝑙
∞

𝑣

(𝑢, 𝑣)𝑑𝐵𝑢𝑑𝑣 

is a particular solution of (14).  

Proof. It is easy to check that 𝑋0 satisfies (14).  

In particular, if 𝑙 is given by (11) and 𝜑𝑡 is given by (12), then we have the following 

proposition.  

Proposition 3. The process 𝑋 satisfies (14) if and only if 𝑋 is of the form  

𝑋𝑡 = −∫
𝑘 − (𝑘 + 1)𝑡

𝑘 − (𝑘 + 1)𝑢

𝑘+1
𝑘+2

𝑡

𝑑𝐵𝑢 +∑(𝑡 ∧
𝑖

𝑖 + 1
)

∞

𝑖=1

𝑌𝑖, 

for all 𝑡 ∈ (
𝑘

𝑘+1
,
𝑘+1

𝑘+2
], where (𝑌𝑖) is a sequence of random variables.  

Proof. Let  

 𝑋𝑡
0: = −∫

𝑘 − (𝑘 + 1)𝑡

𝑘 − (𝑘 + 1)𝑢

𝑘+1
𝑘+2

𝑡

𝑑𝐵𝑢,    for 𝑡 ∈ (
𝑘

𝑘 + 1
,
𝑘 + 1

𝑘 + 2
]. (15) 

It is easy to check that for 𝑡 ∈ (
𝑘

𝑘+1
,
𝑘+1

𝑘+2
],  

𝑑𝑋𝑡
0 − (∫ 𝑙

𝑡

0

(𝑡, 𝑢)𝑑𝑋𝑢
0)𝑑𝑡 = 𝑑𝐵𝑡. 

Hence (𝑋𝑡
0) is a particular solution of the stochastic differential equation (14). For the 

general case, suppose that 𝑋 = 𝑋0 + 𝑍 is a solution of (14), then 𝑍 must satisfy  
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𝑍𝑡 = ∫ (∑𝜑𝑖

∞

𝑖=1

(𝑢)𝑍
𝑢∧

𝑖
𝑖+1

)
𝑡

0

𝑑𝑢. 

Hence for 𝑡 ∈ (
𝑘

𝑘+1
,
𝑘+1

𝑘+2
], we have  

𝑑𝑍𝑡 =
1

𝑡 −
𝑘

𝑘 + 1

(𝑍𝑡 − 𝑍 𝑘
𝑘+1

)𝑑𝑡. 

This implies that  

𝑍𝑡 − 𝑍 𝑘
𝑘+1

= 𝑌̃𝑘 (𝑡 −
𝑘

𝑘 + 1
), 

which derives the desired results.  

Remark 3. The solution 𝑋0 can be written in the form  

𝑋𝑡
0 = 𝐵𝑡 −∫

𝑡

0

∫ 𝑙
∞

𝑣

(𝑢, 𝑣)𝑑𝐵𝑢𝑑𝑣 = 𝐵𝑡 −∫
𝑡

0

∫ ∑𝜑𝑖

∞

𝑖=1

∞

𝑣

(𝑢)𝑓𝑖(𝑣)𝑑𝐵𝑢𝑑𝑣, 

which is coincide with Lemma 2. Note that here the integral and the summation cannot 

exchange, since the integral ∫ 𝜑𝑖
∞

𝑣
(𝑢)𝑑𝐵𝑢 might be infinite for some 𝑖.  
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