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Abstract 

Two applications of waiting time distributions of compound patterns in quality control 

are presented in this article. We apply the concept of compound patterns as well as a waiting 

time framework to derive symbolic and numerical solutions for the run length distribution 

and average run length of a Shewhart control chart with run-related rules. As byproducts, the 

waiting time probability of detecting some specific patterns on the chart is also obtained. 

With the same idea, we further study related properties of a multiple-window acceptance 

sampling plan. Numerical results are given for illustrative purposes. 
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複合型等候時間分布在品管上之應用 

張永明1、謝雨霏2、吳東隆*3 

摘要 

本文提出兩個複合型等候時間分布在品管上的應用。利用複合型的概念以及等

候時間的架構，我們推導出具有連串規則之 Shewhart 管制圖的連串長度分布及其平

均連串長度，同時也得到偵測此圖中某些特別型的等候時間機率。使用相同的方

法，我們進一步探討多重視窗允收抽樣計畫的相關性質。最後，我們以數值結果來

說明所提方法之成效。  

關鍵字：等候時間、複合型、有限馬可夫鍊、Shewhart 管制圖、連串長度、允收抽

樣計畫 
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I. Introduction 

The study on runs and patterns has aroused considerable interests among scientists over 

the past few decades because of its widespread applications in reliability theory, quality 

control, hypothesis testing, molecular biology, DNA sequence analysis, psychology, etc. 

Waiting time to the first or 𝑟th (𝑟 > 1) occurrence of runs and patterns is one of the most 

important statistics in this area. It is often used as a stopping criterion for an experimental 

trial in which outcomes can be classified into several categories, and provides useful 

information to analyze some quantities from the experiments. There have been many 

approaches proposed to study various waiting time problems (e.g., Fu and Lou, 2008; Inoue 

and Aki, 2009; Stefanov, 2011). Among these, we favor the finite Markov chain imbedding 

(FMCI) technique introduced by Fu and Koutras (1994). The FMCI technique has been 

successfully applied to deal with many problems regarding runs and patterns. We refer to the 

book by Fu and Lou (2003) for more details on this approach. 

In this article1, we aim to propose a simple and unified approach, based on the use of 

compound patterns as well as a waiting time framework, to study (i) a Shewhart control chart 

with run-related rules, and (ii) a multiple-window acceptance sampling plan. Statistical 

process control (SPC) and acceptance sampling are two important methodologies in the area 

of quality control. Control chart is one of the primary tools of SPC. It can be used to monitor 

process parameters, to detect assignable causes and further to reduce the variability and 

achieve the purpose of quality improvement for a process. The simplest control chart is 

known as the Shewhart control chart. This chart performs well for detecting large shifts, but 

is insensitive to small shifts in the process. One way of improving this drawback is to 

incorporate run-related rules into the chart. In the sequel, a Shewhart control chart with run-

related rules is referred to as a compound Shewhart control chart (CSC chart).  

Traditionally, run length and average run length (ARL) are used as criteria for measuring 

a control chart's performance. Therefore, computational issues on these two quantities for a 

CSC chart have interested many researchers. For example, Champ and Woodall (1987) used 

a Markov chain approach to derive numerical solutions for the run length probabilities and 

the ARL for CSC charts. Shmueli and Cohen (2003) employed a generating function 

technique to derive the run length distributions of several CSC charts and investigate their 

performance. Koutras et al. (2007) provided a comprehensive review on CSC charts and 

pointed out that a CSC chart is very useful in Phase I analysis and is easy to use for 

practitioners. They also gave an example to show the ARL evaluation for a CSC chart by 

using a FMCI technique. Recent results regarding CSC charts can be found in, for example, 

Chang et al. (2018) and Chang and Fu (2022). 

In contrast with the aspects of SPC, an acceptance sampling plan mainly concerns 

inspection and decision-making regarding products based on a sample. It contributes little to 

the quality of products. Usually, there are two types of acceptance sampling plans: attributes 

and variables. Several acceptance sampling plans for attributes have been discussed by 

Montgomery (2008). For instance, a single sampling plan is designed to be a procedure in 

which a sample of size 𝑛 (𝑛 is fixed) is selected randomly from a certain lot, and the lot is 

rejected if at least 𝑐  defective units are observed. Different from the fixed sample size 

procedure, Ebneshahrashoob et al. (2003) proposed a sequential double-window acceptance 

sampling plan. They employed a conditional probability generating function approach to gain 

                                                      
1 This article is based on the master thesis of Hsieh (2005). 
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related properties and presented some interesting features for that procedure. Usually, the 

basic assumption for studying an acceptance sampling plan is that the observations are 

Bernoulli. To handle more complicated problems in real life, it is necessary to extend the 

study to more general situations. 

The rest of this article is organized as follows. In Section II, we provide some known 

results on the waiting time distributions of compound patterns by using FMCI. In Section III, 

we apply the concept of compound patterns as well as the waiting time framework developed 

by Fu and Chang (2002) to derive symbolic and numerical solutions for the run length 

distribution and the ARL for a CSC chart. In addition, we use this method to find the waiting 

time probability of detecting some specific patterns on the chart, which is one of the major 

issues in Phase I analysis (see Montgomery, 2008). In Section IV, we adopt the same idea to 

study related properties for a multiple-window acceptance sampling plan under the 

assumption that the observations have more than two classifications. Numerical results are 

given for illustrative purposes. Finally, summary is given in Section V. 

II. Preliminaries 

Let {𝑋𝑛} be a sequence of independent and identically distributed (i.i.d.) 𝑚-state (𝑚 ≥
2) trials taking values on the set 𝛤 = {𝑎1, 𝑎2, … , 𝑎𝑚}. 

Definition 2.1. 𝛬 is defined to be a simple pattern if 𝛬 = 𝑎𝑖1
⋯ 𝑎𝑖𝑘

 with 𝑖𝑗 ∈ {1, … , 𝑚} for 

all 𝑗 = 1, … , 𝑘. The length 𝑘 of the pattern is fixed, and the states in the pattern are 

allowed to be repeated. 

Let 𝛬1 and 𝛬2 be two simple patterns with lengths 𝑘1 and 𝑘2, respectively. We say 

that 𝛬1 and 𝛬2 are distinct if neither is a segment of the other. We define the union 𝛬1 ∪
𝛬2 to be the occurrence of either the pattern 𝛬1 or the pattern 𝛬2. 

Definition 2.2. We say that 𝛬 is a compound pattern if it is the union of 𝑙 distinct simple 

patterns 𝛬1, … , 𝛬𝑙, i.e., 𝛬 = ڂ 𝛬𝑖
𝑙
𝑖=1 . 

Definition 2.3. The waiting time 𝑊(𝛬) to the first occurrence of a pattern 𝛬  (simple or 

compound) is defined as 

𝑊(𝛬) = Minimum number of trials required to observe the first occurrence of 𝛬. 

It has been shown that the waiting time 𝑊(𝛬) is finite Markov chain imbeddable (see, 

for example, Fu and Koutras, 1994, Fu, 1996, and Koutras, 1997). Therefore, there exists a 

Markov chain {𝑌𝑡: 𝑡 = 0,1, … } defined on a finite state space 

𝛺 = {∅} ∪ 𝛤 ∪ ڂ
𝑖=1

𝑙

𝒮(𝛬𝑖) ∪ {𝛬1, … , 𝛬𝑙} = {1, … , 𝑤, 𝛼1, … , 𝛼𝑙}, 

where ∅ stands for the initial state, 𝒮(𝛬𝑖) is a collection of all proper subpatterns of 𝛬𝑖, for 

𝑖 = 1, … , 𝑙 , and 𝛼1, … , 𝛼𝑙  are absorbing states corresponding to the patterns 𝛬1, … , 𝛬𝑙 , 

respectively. The transition probability matrix for {𝑌𝑡} always has the form 

                                                𝑴 = ቂ
 𝑵 𝑪 
 𝟎 𝑰 

ቃ.                                                             (1) 

Then, the exact distribution of 𝑊(𝛬) is given by 

𝑃(𝑊(𝛬) = 𝑛) = ∑
𝑗=1

𝑙

𝝃𝑵𝑛−1𝑪(𝛼𝑗) = 𝝃𝑵𝑛−1(𝑰 − 𝑵)𝟏⊤,                             (2) 
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for 𝑛 = 1,2, … , where 𝝃 = (1,0, … ,0)  is the initial distribution with P(𝑌0 = ∅) ≡ 1 , 

𝑪(𝛼𝑗), 𝑗 = 1, … , 𝑙, are the column vectors of the matrix 𝑪, and 𝟏⊤ is the transpose of the 

vector 𝟏 = (1,1, … ,1). The following results provide a simple way to find the mean, variance 

and probability generating function for 𝑊(𝛬). 

Theorem 2.1. Let 𝛬 be a pattern (simple or compound). Then 

(i) the mean of 𝑊(𝛬) is given by 

𝐸[𝑊(𝛬)] = 𝝃(𝑰 − 𝑵)−1𝟏⊤;                                                    (3) 

(ii) the second moment of 𝑊(𝛬) is given by 

𝐸[𝑊2(𝛬)] = 𝝃(𝑰 + 𝑵)(𝑰 − 𝑵)−2𝟏⊤;                                           (4)  

(iii)  the probability generation function of 𝑊(𝛬) is given by 

𝜑𝑊(𝛬)(𝑠) = 1 + (𝑠 − 1)𝝃(𝑰 − 𝑠𝑵)−1𝟏⊤.                                        (5) 

The proof of Theorem 2.1 can be found in Fu and Lou (2003). Although formulas (3)-

(5) are very simple, they are not efficient in finding analytic forms especially when the size 

of 𝑵 is large. Fu and Chang (2002) and Chang (2005) have developed efficient methods to 

obtain the analytic forms for 𝐸[𝑊(𝛬)] , 𝑉𝑎𝑟[𝑊(𝛬)] and 𝜑𝑊(𝛬)(𝑠). We state the results 

without proof. 

Theorem 2.2. Let 𝛬 be a pattern (simple or compound). For a waiting time random variable 

𝑊(𝛬), we have 

(i) the generating function of the sequence {𝑃(𝑊(𝛬) ≥ 𝑛)} is given by 

𝛷𝑊(𝛬)(𝑠) = ∑
𝑖=1

𝑤

𝜙𝑖(𝑠),                                                    (6) 

  where (𝜙1(𝑠), … , 𝜙𝑤(𝑠)) is the solution of the simultaneous equations 

  𝜙𝑖(𝑠) = 𝑠𝝃𝒆𝑖
⊤ + 𝑠(𝜙1(𝑠), … , 𝜙𝑤(𝑠))𝑵𝒆𝑖

⊤, 𝑖 = 1,2, … , 𝑤,                         (7) 

and where 𝒆𝑖
⊤ is the transpose of the unit vector (0, … ,0,1,0, … ,0);  

(ii) the probability generating function of 𝑊(𝛬) is given by 

 𝜑𝑊(𝛬)(𝑠) = 1 + ቀ1 −
1

𝑠
ቁ 𝛷𝑊(𝛬)(𝑠) = ∑

𝑗=1

𝑙

(𝜙1, 𝜙2, … , 𝜙𝑤)𝑪(𝛼𝑗);                   (8) 

(iii)  the mean of 𝑊(𝛬) is given by 

𝐸[𝑊(𝛬)] = 𝛷𝑊(𝛬)(1);                                                         (9) 

(iv)  the variance of 𝑊(𝛬) is given by 

𝑉𝑎𝑟[𝑊(𝛬)] = ∑
𝑖=1

𝑤

𝜙𝑖
′(1) − 𝐸[𝑊(𝛬)](1 + 𝐸[𝑊(𝛬)]).                             (10) 

III. Shewhart control charts with run-related rules 

Let {𝑋𝑛}  be a sequence of observations of a continuous random variable 𝑋  which 

represents certain quality characteristic. Without loss of generality, we assume that the 

observations 𝑋𝑛  are i.i.d. 𝑁(0,1)  ( standard normal distribution ). It is known that a 

Shewhart control chart signals an alarm if the present observation exceeds some control 

limits; specifically, 𝑋𝑛 > |ℎ| for some ℎ > 0. As stated in Section I, this chart is insensitive 

to detect small shifts in the process. One way of improving this drawback is to add rules in 

the control charts. Several frequently used rules have been suggested by Western Electric 

(1956). These rules are always referred to as runs rules and they can be expressed in a more 

general way as follows: 
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1. One point falls outside the control limit ℎ or control limit −ℎ, 

2. Two of three consecutive points fall between the control limits ℎ3 and ℎ or between the 

control limits −ℎ4 and −ℎ, 

3. Four of five consecutive points fall between the control limits ℎ1 and ℎ or  between the 

control limits −ℎ2 and −ℎ, 

4. Eight consecutive points fall on the same side of the center line, 

where 0 < ℎ1, ℎ2 < ℎ3, ℎ4 < ℎ. For ℎ = 3, ℎ3 = ℎ4 = 2 and ℎ1 = ℎ2 = 1, it is clear that 

rules 1-4 are just the usual Western Electric rules. 

For convenience, we use the notation 𝑅𝑖 to denote the 𝑖th rule and 𝑅𝑖1𝑖2
 to indicate that 

𝑅𝑖1
 and 𝑅𝑖2

 are used simultaneously for 𝑖1 ≠ 𝑖2. Similarly, the notation 𝑅𝑖1⋯𝑖𝑗
 stands for the 

combination of 𝑗 different rules. Note that 𝑅1 is used in all CSC charts under consideration. 

We provide a detailed example to illustrate the idea of finding the run length distribution and 

the ARL for a CSC chart. 

Consider a CSC chart with 𝑅12. The chart signals at stage 𝑛 if 𝑋𝑛 > |ℎ|, or two of three 

consecutive observations fall in the same interval [ℎ3, ℎ) or (−ℎ, −ℎ4]. Assume that 𝑋0 = 0 

with probability 1. According to the rules, the chart can be divided into four zones (or 

regions), say, 𝑍1, 𝑍2, 𝑍3 and 𝑍4, as shown in Figure 1. Then {𝑋𝑛} can be viewed as a sequence 

of four-state trials with “possible outcomes” 𝑍1, 𝑍2, 𝑍3 and 𝑍4, and 

𝑝1 ≡ 𝑃(𝑋𝑛 = 𝑍1) = ∫
−ℎ4

ℎ3
𝑓(𝑥)𝑑𝑥, 

 𝑝2 ≡ 𝑃(𝑋𝑛 = 𝑍2) = ∫
ℎ3

ℎ
𝑓(𝑥)𝑑𝑥,    

 𝑝3 ≡ 𝑃(𝑋𝑛 = 𝑍3) = ∫
−ℎ

−ℎ4
𝑓(𝑥)𝑑𝑥, 

 𝑝4 ≡ 𝑃(𝑋𝑛 = 𝑍4) = 2∫
ℎ

∞
𝑓(𝑥)𝑑𝑥, 

where 𝑓(𝑥) =
1

ξ2𝜋
𝑒−

1

2
𝑥2

. Define a collection of simple patterns 

ℱ = {𝛬1 = 𝑍4, 𝛬2 = 𝑍2𝑍2, 𝛬3 = 𝑍2𝑍1𝑍2, 𝛬4 = 𝑍2𝑍3𝑍2, 𝛬5 = 𝑍3𝑍3,  
𝛬6 = 𝑍3𝑍1𝑍3, 𝛬7 = 𝑍3𝑍2𝑍3}. 

Then the chart signals if and only if one of the simple patterns in ℱ occurs for the first 

time at the 𝑛th trial. Let 𝛬 denote a compound pattern defined through all the simple patterns 

in ℱ; i.e., 𝛬 =∪𝑖=1
7 𝛬𝑖 where 𝛬𝑖 ∈ ℱ. Thus the run length distribution is just the the waiting 

time distribution of 𝛬. 

  

Figure 1 The zones based on the rule 𝑅12 
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Since the waiting time 𝑊(𝛬) is finite Markov chain imbeddable, there exists a Markov 

chain {𝑌𝑡} defined on the finite state space 

𝛺 = {∅} ∪ {𝑍1, 𝑍2, 𝑍3, 𝑍4} ∪ ڂ
𝑖=1

7

𝒮(𝛬𝑖) ∪ {𝛬1, … , 𝛬7} = {1, … ,9, 𝛼1, … , 𝛼7}, 

where ∅  is the initial state with 𝑃(𝑌0 = ∅) = 1  and 𝛼1, … , 𝛼7  are absorbing states 

corresponding to the patterns 𝛬1, … , 𝛬7, respectively. Hence the transition probability matrix 

associated with  {𝑌𝑡} has the form given by (1). By Theorem 2.2, we obtain the probability 

generating function of 𝑊(𝛬) as 

𝜑𝑊(𝛬)(𝑠) =
△1

△2
, 

where 

 △1 = −𝑝1
2𝑝2

2𝑝3
2𝑝4𝑠7 − 𝑝1

2𝑝2
3𝑝3

2𝑠7 − 𝑝1
2𝑝2

2𝑝3
3𝑠7 − 2𝑝1𝑝2

2𝑝3
2𝑝4𝑠6 − 2𝑝1𝑝2

2𝑝3
3𝑠6 

           −2𝑝1𝑝2
3𝑝3

2𝑠6 + 𝑝1
2𝑝2

2𝑝3𝑠5 + 𝑝1
2𝑝2𝑝3

2𝑠5 + 𝑝1
2𝑝2𝑝3𝑝4𝑠5 + 2𝑝1𝑝2

2𝑝3
2𝑠5 

           +2𝑝1𝑝2
2𝑝3𝑠4 + 2𝑝1𝑝2𝑝3𝑝4𝑠4 + 2𝑝1𝑝2𝑝3

2𝑠4 + 𝑝1𝑝2
2𝑠3 + 2𝑝2

2𝑝3𝑠3 

           +2𝑝2𝑝3
2𝑠3 + 2𝑝2𝑝3𝑝4𝑠3 + 𝑝1𝑝2𝑝4𝑠3 + 𝑝1𝑝3𝑝4𝑠3 + 𝑝1𝑝3

2𝑠3 + 𝑝3𝑝4𝑠2 

           +𝑝3
2𝑠2 + 𝑝2

2𝑠2 + 𝑝2𝑝4𝑠2 + 𝑝4𝑠 

and 

 △2 = 𝑝1
3𝑝2

2𝑝3
2𝑠7 + 𝑝1

2𝑝2
2𝑝3

2𝑠6 − 𝑝1
3𝑝2𝑝3𝑠5 − 𝑝1

2𝑝2𝑝3𝑠4 − 2𝑝1𝑝2𝑝3𝑠3 − 𝑝1
2𝑝2𝑠3 

          −𝑝1
2𝑝3𝑠3 − 𝑝1𝑠 + 1. 

The mean of 𝑊(𝛬) (i.e. the ARL) is given by 

𝐸[𝑊(𝛬)] =
△3

△4
, 

where 

     △3= 1 + 𝑝2 + 𝑝3 + 𝑝1𝑝2 + 𝑝1𝑝3 + 2𝑝1𝑝2𝑝3 + 2𝑝2𝑝3 + 𝑝1
2𝑝2𝑝3 − 𝑝1

2𝑝2
2𝑝3

2 − 2𝑝1𝑝2
2𝑝3

2  

and 

         △4= 1 − 𝑝1 − 2𝑝1𝑝2𝑝3 − 𝑝1
2𝑝2𝑝3 − 𝑝1

2𝑝3 − 𝑝1
2𝑝2 + 𝑝1

2𝑝2
2𝑝3

2 + 𝑝1
3𝑝2

2𝑝3
2 − 𝑝1

3𝑝2𝑝3.  

Analytical forms for the variance of 𝑊(𝛬) can be easily obtained in a similar fashion. 

From the previous example, it is clear that the chart can always be divided into several 

zones according to the rules under consideration. The out of control conditions are 

transformed into a set of simple patterns based on those zones. Suppose 𝑗 rules are used 

simultaneously and there are 𝑁𝑖 simple patterns induced by the 𝑖th rule for 𝑖 = 1, … , 𝑗. For 

some cases, the total number of simple patterns for out of control signals is less than ∑ 𝑁𝑖
𝑗
𝑖=1 . 

That is, some simple patterns can be deleted. To see this point, we give an example for 

illustration. 

Let 𝑅5 be the rule that four consecutive points fall in the interval  [ℎ1, ℎ) or [−ℎ2, −ℎ). 

Consider a CSC chart with 𝑅125. The chart can be divided into six zones: 𝑍1, 𝑍2, 𝑍3, 𝑍4, 𝑍5 

and 𝑍6 as shown in Figure 2. According to each rule, we can define a collection of simple 

patterns which are listed in Table 1. Clearly, the total number of simple patterns in this 

example is 43 (including the simple pattern 𝑍6  induced by 𝑅1 ). In fact, there are some 

patterns that are unnecessary since they will never cause an out of control signal and hence 

can be deleted. For instance, the pattern 𝒫1 = 𝑍4𝑍4𝑍4𝑍4  induced by 𝑅5  can be deleted 

because the pattern ℰ1 = 𝑍4𝑍4 is a segment of 𝒫1. Patterns that can be removed from the 

collection are marked with an asterisk in Table 1. Clearly, there are 23 simple patterns left 

after deletion, and the compound pattern 𝛬 formed through these simple patterns is used for 

finding the run length distributions and the ARL. 



張永明、謝雨霏、吳東隆*  複合型等候時間分布在品管上之應用 

70 

In Table 2, we give the waiting time probability 𝑃(𝑊(𝛬) = 𝑛, 𝑊(𝛬(𝑅𝑖)) = 𝑛)  of 

detecting the pattern 𝛬(𝑅𝑖) for the rule 𝑅125  under the setting: ℎ = 3, ℎ1 = ℎ2 = 1, and 

ℎ3 = ℎ4 = 2, where 𝛬(𝑅𝑖) are the patterns induced by rule 𝑅𝑖. Figure 3 shows the in-control 

and out-of-control run length distributions for the rule 𝑅12 under the usual setting: ℎ = 3 and 

ℎ3 = ℎ4 = 2. 

  
Figure 2 The zones based on the rule 𝑅125 

Table 1 Simple patterns induced by the rules 𝑅2 and 𝑅5  

𝑅2 𝑅5 

ℰ1 = 𝑍4𝑍4 

ℰ2 = 𝑍4𝑍1𝑍4 

ℰ3 = 𝑍4𝑍2𝑍4 

ℰ4 = 𝑍4𝑍3𝑍4 

ℰ5 = 𝑍4𝑍5𝑍4 

ℰ6 = 𝑍5𝑍5 

ℰ7 = 𝑍5𝑍1𝑍5 

ℰ8 = 𝑍5𝑍2𝑍5 

ℰ9 = 𝑍5𝑍3𝑍5 

           ℰ10 = 𝑍5𝑍4𝑍5 

𝒫1
∗ = 𝑍4𝑍4𝑍4𝑍4 

𝒫2
∗ = 𝑍2𝑍4𝑍4𝑍4 

𝒫3
∗ = 𝑍4𝑍2𝑍4𝑍4 

𝒫4
∗ = 𝑍4𝑍4𝑍2𝑍4 

𝒫5
∗ = 𝑍4𝑍4𝑍4𝑍2 

𝒫6
∗ = 𝑍2𝑍2𝑍4𝑍4 

𝒫7
∗ = 𝑍2𝑍4𝑍2𝑍4 

𝒫8
∗ = 𝑍2𝑍4𝑍4𝑍2 

𝒫9
∗ = 𝑍4𝑍2𝑍2𝑍4 

𝒫10
∗ = 𝑍4𝑍2𝑍4𝑍2 

𝒫11
∗ = 𝑍4𝑍4𝑍2𝑍2 

𝒫12 = 𝑍2𝑍2𝑍2𝑍4 

𝒫13 = 𝑍2𝑍2𝑍4𝑍2 

𝒫14 = 𝑍2𝑍4𝑍2𝑍2 

𝒫15 = 𝑍4𝑍2𝑍2𝑍2 

𝒫16 = 𝑍2𝑍2𝑍2𝑍2 

𝒫17
∗ = 𝑍5𝑍5𝑍5𝑍5 

𝒫18
∗ = 𝑍3𝑍5𝑍5𝑍5 

𝒫19
∗ = 𝑍5𝑍3𝑍5𝑍5 

𝒫20
∗ = 𝑍5𝑍5𝑍3𝑍5 

𝒫21
∗ = 𝑍5𝑍5𝑍5𝑍3 

𝒫22
∗ = 𝑍3𝑍3𝑍5𝑍5 

𝒫23
∗ = 𝑍3𝑍5𝑍3𝑍5 

𝒫24
∗ = 𝑍3𝑍5𝑍5𝑍3 

𝒫25
∗ = 𝑍5𝑍3𝑍3𝑍5 

𝒫26
∗ = 𝑍5𝑍3𝑍5𝑍3 

𝒫27
∗ = 𝑍5𝑍5𝑍3𝑍3 

𝒫28 = 𝑍3𝑍3𝑍3𝑍5 

𝒫29 = 𝑍3𝑍3𝑍5𝑍3 

𝒫30 = 𝑍3𝑍5𝑍3𝑍3 

𝒫31 = 𝑍5𝑍3𝑍3𝑍3 

𝒫32 = 𝑍3𝑍3𝑍3𝑍3 

Note: Unnecessary patterns are marked with an asterisk. 

Table 2 Waiting time probability 𝑃(𝑊(Λ) = 𝑛, 𝑊(Λ(𝑅𝑖)) = 𝑛) for the rule 𝑅125 

𝒏 𝚲(𝑹𝟏) = 𝒁𝟔 𝚲(𝑹𝟐) =∪ 𝓔𝒊  𝚲(𝑹𝟓) =∪ 𝓟𝒊   

10 

20 

50 

100 

0.0024911 

0.0023615 

0.0020120 

0.0015405 

0.0016854 

0.0015977 

0.0013612 

0.0010422 

0.0009262 

0.0008781 

0.0007481 

0.0005728 
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Figure 3 Run-length distributions for the rule 𝑅12 

IV. Multiple-window acceptance sampling plans 

In this section, we adopt the same idea presented in the previous section to study a 

multiple-window acceptance sampling plan. To illustrate our method, we first consider a 

double-window acceptance sampling plan. 

Let {𝑋𝑛} be a sequence of observations with possible outcomes 𝐷 (defective) and 𝐺 

(good). Assume that the observations 𝑋𝑛 are i.i.d. and 𝑃(𝑋𝑛 = 𝐷) = 𝑝𝐷 and 𝑃(𝑋𝑛 = 𝐺) =
𝑝𝐺 . Given two pairs of positive integers (𝑟𝐷 , 𝑐𝐷) and (𝑟𝐺 , 𝑐𝐺) with 𝑐𝐷 ≤ 𝑟𝐷 , 𝑐𝐺 ≤ 𝑟𝐺  and 

𝑐𝐺 > 𝑐𝐷, the decision (or stopping) rules for a double-window acceptance sampling plan are 

given as follows: (i) reject the lot if 𝑐𝐷 defective units are observed in the present window of 

size 𝑟𝐷, and (ii) accept the lot if 𝑐𝐺 good units are observed in the present window of size 𝑟𝐺. 

These rules are used simultaneously. In plain words, we keep track of the last 𝑟𝐷 and 𝑟𝐺 units 

sampled until one of the rules is reached. In order to investigate some properties of this 

procedure (e.g., the operating characteristic curve), it is important for us to find the 

probability distributions for the number of observations required (the waiting time) to 

sentence a lot. 

For a certain lot, we define the collections of simple patterns ℱ𝑅(𝑟𝐷, 𝑐𝐷) and  ℱ𝐴(𝑟𝐺 , 𝑐𝐺) 

for the rejection and acceptance rules, respectively, by 

ℱ𝑅(𝑟𝐷 , 𝑐𝐷) = {𝐷 ⋯ 𝐷ᇣᇤᇥ
𝑐𝐷

, 𝐷𝐺𝐷 ⋯ 𝐷, … , 𝐷 ⋯ 𝐷𝐺 ⋯ 𝐺𝐷ᇣᇧᇧᇧᇤᇧᇧᇧᇥ
𝑟𝐷

},                           (11) 

ℱ𝐴(𝑟𝐺 , 𝑐𝐺) = {𝐺 ⋯ 𝐺ᇣᇤᇥ
𝑐𝐺

, 𝐺𝐷𝐺 ⋯ 𝐺, … , 𝐺 ⋯ 𝐺𝐷 ⋯ 𝐷𝐺ᇣᇧᇧᇧᇤᇧᇧᇧᇥ
𝑟𝐺

}.                            (12) 

From (11), it is clear that the patterns in ℱ𝑅(𝑟𝐷, 𝑐𝐷) are constructed by permuting (𝑐𝐷 − 2) 

𝐷's and 𝑖 𝐺's for 𝑖 = 0,1, … , 𝑟𝐷 − 𝑐𝐷, between the first and last 𝐷's. Hence the number of 

patterns in ℱ𝑅(𝑟𝐷, 𝑐𝐷) is given by 

 𝑙𝑅 = ∑
𝑖=0

𝑟𝐷−𝑐𝐷

൫𝑐𝐷−2+𝑖
𝑖

൯.                                                      (13) 

The patterns in ℱ𝐴(𝑟𝐺 , 𝑐𝐺) are created with a similar idea, and thus the number of patterns 𝑙𝐴 

for this collection can also be computed by formula (13) with 𝑟𝐷 and 𝑐𝐷 replaced by 𝑟𝐺 and 

𝑐𝐺, respectively. 
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Let ℱ = ℱ𝑅(𝑟𝐷, 𝑐𝐷) ∪ ℱ𝐴(𝑟𝐺 , 𝑐𝐺) . For the same reasons stated in Section III, some 

unnecessary patterns may be removed from this collection. Therefore, the actual number of 

patterns 𝑙 in ℱ is always less than 𝑙𝑅 + 𝑙𝐴 after deletion. For example, let (𝑟𝐷 , 𝑐𝐷) = (6,3) 

and (𝑟𝐺 , 𝑐𝐺) = (4,3)  be the rejection and acceptance rules. The numbers of patterns in 

ℱ𝑅(6,3) and ℱ𝐴(4,3) are 𝑙𝑅 = 10 and 𝑙𝐴 = 3, respectively. Then the total number of patterns 

in ℱ = ℱ𝑅(6,3) ∪ ℱ𝐴(4,3)  is 9  after deleting those unnecessary patterns. Now, define a 

compound pattern by 𝛬 = ڂ 𝛬𝑖
𝑙
𝑖=1  where 𝛬𝑖 ∈ ℱ . Then the probability distribution of 

making a decision for the lot is equivalent to the waiting time distribution of 𝛬. Thus there 

exists a finite Markov chain {𝑌𝑡} defined on the state space 

𝛺 = {∅} ∪ {𝐷, 𝐺} ∪ ڂ
𝑖=1

𝑙

𝒮(𝛬𝑖) ∪ {𝛬1, … , 𝛬𝑙} = {1, … , 𝑤, 𝛼1, … , 𝛼𝑙𝑅
′ , 𝛼𝑙𝑅

′ +1, … , 𝛼𝑙}, 

where 𝑙𝑅
′  is the number of patterns for the rejection rule after deletion. The transition 

probability matrix of {𝑌𝑡} has the form 

 1, … , 𝑤 𝛼1, … , 𝛼𝑙𝑅
′ᇩᇭᇭᇪᇭᇭᇫ

𝑟𝑒𝑗𝑒𝑐𝑡

  𝛼𝑙𝑅
′ +1, … , 𝛼𝑙ᇩᇭᇭᇭᇪᇭᇭᇭᇫ
𝑎𝑐𝑐𝑒𝑝𝑡

 

  𝑴 = ൤
      𝑵      𝑪(𝛼𝑖)             𝑪൫𝛼𝑗൯     

𝟎 𝑰
൨                                           (14) 

The probability generating function, mean and variance of 𝑊(𝛬)  can be derived from 

Theorem 2.2. 

There are two ways of calculating the probability of rejecting or accepting a lot. Firstly, 

it follows from Equation (8) that 

𝜑𝑊(𝛬)(𝑠) = ∑
𝑖=1

𝑙𝑅
′

(𝜙1, 𝜙2, … , 𝜙𝑤)𝑪(𝛼𝑗) + ∑
𝑗=𝑙𝑅

′ +1

𝑙

(𝜙1, 𝜙2, … , 𝜙𝑤)𝑪(𝛼𝑗) 

= 𝜓𝑅(𝑠) + 𝜓𝐴(𝑠).                                                                            (15)                                                                                                                                                                                                       

Then the probabilities of rejection and acceptance are 𝑃𝑅 = 𝜓𝑅(𝑠)|𝑠=1 and 𝑃𝐴 = 𝜓𝐴(𝑠)|𝑠=1, 

respectively. Since 𝑃𝑅 + 𝑃𝐴 = 1, we only need to calculate one of the decision probabilities. 

Another way of finding such probabilities is to use the following formulas: 

𝑃𝑅 = ∑
𝑛=1

∞

∑
𝑖=1

𝑙𝑅
′

𝝃𝑵𝑛−1𝑪(𝛼𝑖) = ∑
𝑖=1

𝑙𝑅
′

𝝃(𝑰 − 𝑵)−1𝑪(𝛼𝑖),                                  (16) 

𝑃𝐴 = ∑
𝑛=1

∞

∑
𝑖=𝑙𝑅

′ +1

𝑙

𝝃𝑵𝑛−1𝑪(𝛼𝑖) = ∑
𝑖=𝑙𝑅

′ +1

𝑙

𝝃(𝑰 − 𝑵)−1𝑪(𝛼𝑖).                             (17) 

Equations (16) and (17) are used for numerical computations. On the other hand, if symbolic 

forms are needed, Equation (15) is more preferable. 

Suppose now the products of a lot are classified into three categories: defective (D), 

good (G) and inferior (I), and assume that 𝑃(𝑋𝑛 = 𝐼) = 𝑝𝐼. In addition to the rejection and 

acceptance rules (𝑟𝐷, 𝑐𝐷)  and (𝑟𝐺 , 𝑐𝐺) , a third rule (𝑟𝐼 , 𝑐𝐺
′ , 𝑐𝐼)  ( 𝑐𝐺

′ + 𝑐𝐼 ≤ 𝑟𝐼 ), called the 

conditional acceptance rule, is given as follows: the lot is conditionally accepted if we 

observe 𝑐𝐺
′  good units and 𝑐𝐼 inferior units in the current window of size 𝑟𝐼. In other words, 

the lot may be acceptable under certain conditions (e.g., accept the lot with lower price). 

When a certain number of good and inferior units is observed in the sample, the customer 

may bargain with the supplier over the price. If high quality is requested by the customer, 

then the lot may be returned to the supplier to be reworked. The procedure of using the three 

decision rules simultaneously is called a triple-window acceptance sampling plan. 
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Given the decision rules (𝑟𝐷 , 𝑐𝐷), (𝑟𝐺 , 𝑐𝐺)  and (𝑟𝐼, 𝑐𝐺
′ , 𝑐𝐼) , the collections of simple 

patterns ℱ𝑅(𝑟𝐷, 𝑐𝐷), ℱ𝐴(𝑟𝐺 , 𝑐𝐺) and ℱ𝐶𝐴(𝑟𝐼 , 𝑐𝐺
′ , 𝑐𝐼) can be constructed easily with the same 

idea described for the double-window procedure. For example, let (𝑟𝐼, 𝑐𝐺
′ , 𝑐𝐼) = (5,3,2), then 

ℱ𝐶𝐴(5,3,2) = {𝐼𝐼𝐺𝐺𝐺, 𝐼𝐺𝐼𝐺𝐺, 𝐼𝐺𝐺𝐼𝐺, 𝐼𝐺𝐺𝐺𝐼, 𝐺𝐼𝐼𝐺𝐺, 𝐺𝐼𝐺𝐼𝐺, 𝐺𝐼𝐺𝐺𝐼, 
                                            𝐺𝐺𝐼𝐼𝐺, 𝐺𝐺𝐼𝐺𝐼, 𝐺𝐺𝐺𝐼𝐼}. 

With slight modifications on formula (13), the number of patterns for each rule can be 

evaluated. Let ℱ = ℱ𝑅(𝑟𝐷, 𝑐𝐷) ∪ ℱ𝐴(𝑟𝐺 , 𝑐𝐺) ∪ ℱ𝐶𝐴(𝑟𝐼, 𝑐𝐺
′ , 𝑐𝐼). After deleting all unnecessary 

patterns from ℱ, we can apply the waiting time framework to the compound pattern 𝛬 =
∪𝑖=1

𝑙 𝛬𝑖  , where 𝛬𝑖 ∈ ℱ . The probabilities of rejection 𝑃𝑅 , acceptance 𝑃𝐴  and conditional 

acceptance 𝑃𝐶𝐴 can be obtained. 

Remark 4.1. From the discussions, we see that the proposed method can be applied to a 

triple-window procedure without any restrictions on the parameters. However, from a 

practical point of view, appropriate conditions should be carefully imposed on the 

parameters. Some possible conditions for a triple-window acceptance sampling plan are 𝑐𝐺 >
𝑐𝐷, 𝑐𝐺 > 𝑐𝐺

′ , 𝑐𝐺
′ + 𝑐𝐼 ≥ 𝑐𝐺, and the collections ℱ𝑅(𝑟𝐷, 𝑐𝐷), ℱ𝐴(𝑟𝐺 , 𝑐𝐺) and ℱ𝐶𝐴(𝑟𝐼, 𝑐𝐺

′ , 𝑐𝐼) do 

not contain each other. 

In Tables 3 and 4, we provide some numerical results for triple-window acceptance 

sampling plans. In Figure 4, we show the waiting time distributions of sentencing a lot for 

some double-window (with 𝑝𝐷 = 0.02) and triple-window (with 𝑝𝐷 = 0.02 and 𝑝𝐼 = 0.13) 

acceptance sampling plans. Figures 5 and 6 present the operating curves for several double- 

and triple-window acceptance sampling plans. 

V. Summary 

Two applications of waiting time distributions of compound patterns have been 

discussed in this article. Firstly, we apply the concept of compound patterns and a waiting 

time framework to study a CSC chart. The basic idea of our method is to construct a 

compound pattern according to the rules under consideration. Then, applying a waiting time 

framework by FMCI to that pattern, we can evaluate the run length distribution and the ARL 

for the chart. When several rules are used simultaneously on the chart, some patterns induced 

by the rules will never cause out-of-control signals and hence should be deleted. The results 

show that this simple approach is efficient in deriving both symbolic and numerical solutions. 

It can also be used to find the waiting time probability of detecting some specific patterns on 

the chart, which is an important issue in Phase I analysis. 

Secondly, we adopt the same methodology to investigate a multiple-window acceptance 

sampling plan. We suggest two ways of evaluating the probability of sentencing a lot. When 

one designs a multiple-window acceptance sampling plan, appropriate conditions should be 

imposed on the parameters for practical use. For a multiple-window procedure, our work has 

been carried out under the assumptions that the observations are i.i.d. and have more than 

two classifications. In fact, with slight modifications on the transition probabilities of the 

imbedded Markov chain, one can make straightforward extensions to a more general case 

that the observations have a homogeneous Markov dependent structure. The details are left 

to the readers. 
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Table 3 Numerical results for the sampling plans (𝑟𝐷 , 𝑐𝐷) = (4,2), (𝑟𝐺 , 𝑐𝐺) = (6,5) and 

(𝑟𝐼 , 𝑐𝐺
′ , 𝑐𝐼) = (5,3,2) 

𝒑𝑫 𝒑𝑮 Mean SD 𝑷𝑹 𝑷𝑨 𝑷𝑪𝑨 

0.01 

0.95 

0.90 

0.85 

5.2383 

5.4124 

5.5424 

0.5461 

0.7150 

0.8423 

0.0013 

0.0014 

0.0014 

0.9784 

0.9081 

0.8066 

0.0203 

0.0905 

0.1920 

0.05 

0.90 

0.85 

0.80 

5.4973 

5.7309 

5.9213 

0.9967 

1.2702 

1.4924 

0.0299 

0.0322 

0.0341 

0.9394 

0.8596 

0.7527 

0.0307 

0.1082 

0.2132 

0.10 

0.85 

0.80 

0.75 

5.6387 

5.9312 

6.1786 

1.3138 

1.6690 

1.9627 

0.1075 

0.1162 

0.1237 

0.8634 

0.7815 

0.6755 

0.0291 

0.1023 

0.2008 

0.20 

0.75 

0.70 

0.65 

5.5523 

5.8646 

6.1332 

1.7310 

2.1362 

2.4792 

0.3389 

0.3647 

0.3871 

0.6379 

0.5550 

0.4590 

0.0232 

0.0803 

0.1539 

0.30 

0.65 

0.60 

0.55 

5.1256 

5.3689 

5.5724 

1.9415 

2.3012 

2.6019 

0.5832 

0.6188 

0.6487 

0.4005 

0.3269 

0.2517 

0.0163 

0.0543 

0.0996 

 

Table 4 Numerical results for the sampling plans (𝑟𝐷 , 𝑐𝐷) = (6,2), (𝑟𝐺 , 𝑐𝐺) = (10,6) and 

(𝑟𝐼 , 𝑐𝐺
′ , 𝑐𝐼) = (8,4,4) 

𝒑𝑫 𝒑𝑮 Mean SD 𝑷𝑹 𝑷𝑨 𝑷𝑪𝑨 

0.01 

0.95 

0.90 

0.85 

6.0309 

6.6513 

7.0082 

0.5728 

0.8340 

1.0243 

0.0021 

0.0022 

0.0024 

0.9977 

0.9930 

0.9746 

0.0002 

0.0048 

0.0230 

0.05 

0.90 

0.85 

0.80 

6.5191 

6.8800 

7.2630 

0.8524 

1.0978 

1.3272 

0.0457 

0.0492 

0.0531 

0.9538 

0.9444 

0.9206 

0.0005 

0.0064 

0.0263 

0.10 

0.85 

0.80 

0.75 

6.5104 

6.8627 

7.2419 

1.1404 

1.3950 

1.6658 

0.1542 

0.1652 

0.1775 

0.8453 

0.8294 

0.8002 

0.0004 

0.0005 

0.0223 

0.20 

0.75 

0.70 

0.65 

6.0771 

6.3567 

6.6566 

1.6570 

1.9206 

2.2175 

0.4357 

0.4609 

0.4888 

0.5640 

0.5355 

0.4971 

0.0003 

0.0036 

0.0141 

0.30 

0.65 

0.60 

0.55 

5.3660 

5.5489 

5.7378 

1.9250 

2.1602 

2.4178 

0.6875 

0.7167 

0.7475 

0.3123 

0.2813 

0.2448 

0.0002 

0.0020 

0.0077 
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Figure 4 Waiting time distributions of sentencing a lot for selected double-window 

acceptance sampling plans 

  
Figure 5 Operating curves for selected double-window acceptance sampling plans 
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Figure 6 Operating curves for selected triple-window acceptance sampling plans (𝑝𝐼 = 0.1) 
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